We explore the singularity classes F -nilpotent, weakly F -nilpotent, and generalized weakly F -nilpotent under faithfully flat local ring maps. As an application, we show that the loci of primes in a Noetherian ring of prime characteristic which define either weakly F -nilpotent or F -nilpotent local rings are open with respect to the Zariski topology whenever R is F -finite or essentially of finite type over an excellent local ring.
Introduction
Let (R, m, k) denote a commutative Noetherian local ring of prime characteristic p > 0. For each e ∈ N let F e : R → R denote the eth iterate of the Frobenius endomorphism of R. Iterates of the Frobenius endomorphism induce Frobenius linear maps of local cohomology F e : H i m (R) → H i m (R) and behavior of these Frobenius actions are used to classify various prime characteristic singularity classes. Among these so-called F -singularities include F -rational, F -injective, and F -nilpotent singularities, the last of which being the primary subject of study in this article.
Utilizing the language of [Lyu06] , a local ring (R, m, k) of dimension d is called weakly F -nilpotent if its F -depth is equal to d. More specifically, R is weakly F -nilpotent if high enough iterates of Frobenius actions on the lower local cohomology modules with support in the maximal ideal are eventually 0. Lyubeznik developed the notion of F -depth to answer a question of Grothendieck. In particular, it was shown that if (S, m, k) is a regular local ring of Krull dimension d and I ⊆ S an ideal then H i I (S) = 0 for all 0 ≤ i < d if and only if R = S/I is weakly F -nilpotent, [Lyu06, Theorem 1.1].
A local ring (R, m, k) of dimension d is called F -nilpotent if R is weakly F -nilpotent and the nilpotent submodule of H d m (R) agrees with the tight closure of the 0-submodule. Srinivas and Takagi conjectured (and proved for dimension smaller than four, [ST17, Proposition 3.8]) that a normal isolated singularity X defined over C has F -nilpotent type if and only if given a log resolution π : Y → X one has H i (E, O E ) = 0 for all i ≥ 1, where E is the exceptional divisor of π.
The class of F -nilpotent singularities also bears interest due to its relation to other classes of singularities. For instance, a reduced (alternatively, excellent and equidimensional) Noetherian local ring is F -rational if and only if it is F -injective and F -nilpotent. Further, F -rationality and F -injectivity are known to behave nicely in many aspects such as ascent and descent for sufficiently nice faithfully flat maps as well as openness of their respective Polstra was supported by NSF Postdoctoral Research Fellowship DMS #1703856. Simpson was supported by NSF RTG grant DMS #1246844. loci (see e.g. [Vél95] and [DM19] ). Thus, it is natural to wonder if F -nilpotence is similarly well-behaved. Exploring this topic is the main content of this paper, and we collect a number of results along the way concerning the more general notions of weak F -nilpotence and generalized weak F -nilpotence.
Our first result is that the (weakly) F -nilpotent locus of prime ideals is open with respect to the Zariski topology.
Theorem A. Let R be a ring of prime characteristic p > 0 which is either F -finite or essentially of finite type over an excellent local ring. Then the following subsets of Spec(R) are open with respect to the Zariski topology:
The proof of Theorem A in the F -finite scenario utilizes that Frobenius actions on local cohomology are realized as the Matlis dual of Cartier linear maps of the dualizing complex (see [ST17, Lemma 2.3] ). Outside of the F -finite scenario we must understand the behavior of Frobenius actions on local cohomology under faithfully flat extensions. To this end, we study ascent and descent properties of local rings which are either F -nilpotent, weakly Fnilpotent, or generalized weakly F -nilpotent. Our results in this direction are as follows:
either of the following additional assumptions:
• S is an excellent local ring or;
• The closed fiber S/mS is Cohen-Macaulay.
Suppose further that R → S satisfies one of the following properties:
• the closed fiber S/mS is regular, and there is a common test element for R red and
If R is weakly F -nilpotent or F -nilpotent then so is S respectively.
We also study the behavior of generalized weak F -nilpotence under faithfully flat maps; see Theorem 4.7 for a precise statement.
The organization of the paper is as follows: In Section 2 we discuss relevant background material needed throughout the article. In Section 3 we utilize Cartier linear maps on dualizing complexes to begin our study of Frobenius actions on local cohomology. Of particular interest in this section is the existence of uniform bounds on the Frobenius test exponents of the localizations of a ring at prime ideals in the weakly F -nilpotent locus of a ring. The proofs of the ascent and descent statements in Theorem B are gathered from the results of Section 4, up to a Cohen-Macaulay assumption on the closed fiber. We also use Section 4 to further develop the theory of generalized weakly F -nilpotent rings as introduced by the second named author in [Mad19] . The final section of the article, Section 5, is where we record a proof of Theorem A. Finally, we use our open loci results of Section 5 to complete the proof of Theorem B.
Preliminary results
In this section we recall basic facts about local cohomology and tight closure which will be essential in defining the singularity classes of interest, as well as in the proofs of our main theorems. We also give an overview of the recent surge of activity concerning these singularities.
2.1. Local cohomology and the Nagel-Schenzel isomorphism, and Frobenius actions. Let R be a commutative Noetherian ring, I ⊆ R an ideal, and M an R-module. We denote by H i I (M) the ith local cohomology module of M with support in I. If (R, m, k) is local of Krull dimension d, x 1 , . . . , x d a system parameters, and x = x 1 · · · x d then the top local cohomology module is explicitly identified as a direct limit system:
1 , . . . , x t+1 d ) Filter regular sequences allow us to identify lower local cohomologies with support in the maximal ideal as an explicit direct limit similar to the above. Suppose M is a finitely generated R-module. 
. (1) F -nilpotent, [BB05] ;
(2) weakly F -nilpotent, [PQ19] ;
(3) generalized weakly F -nilpotent, [Mad19] .
We will be interested in the behavior of the above singularity classes under flat base change in Section 4. Understanding the algebraic technicalities of local cohomology modules under the identifications of Theorem 2.1 will allow us to do just that. To define these classes of singularities, we first recall the basic notions of tight closure theory. See [HH90] for a thorough treatment.
Let R • be the complement of the union of the minimal primes of R and let F e (−) = − ⊗ R F e * R denote the eth Frobenius pullback functor, i.e. base change along the eth iterate of Frobenius. If N ⊆ M are R-modules then we say an element m ∈ M is in N * M , the tight closure of N, if there exists a c ∈ R • so that m is in the kernel of the following composition of maps for all e ≫ 0:
Similarly, we say m ∈ M is in N F M , the Frobenius closure of N, if m is in the kernel of the following maps for all e ≫ 0:
Observe that there are inclusions N ⊆ N F M ⊆ N * M . The top local cohomology module with support in the maximal ideal enjoys the following property:
if and only if there exists a c ∈ R • so that γ is in the kernel of the following composition of R-linear maps for all e ≫ 0:
if and only if γ is the kernel of the following maps for all e ≫ 0:
). Moreover, one observes by chasing through the direct limit identifications of H d m (R) that R is F -nilpotent if and only if R is weakly F -nilpotent and satisfies the following property: for every system of parameters
for every e ≫ 0 there exists s ∈ N s.t γ p e x sp e ∈ (x ) .
There in one further class of singularities of interest in this article. It is proven in [Quy19] that the Frobenius test exponent is finite for weakly F -nilpotent rings. The second named author refined this result by isolating the salient features of weak F -nilpotence used in Quy's proof. Indeed, it is shown in [Mad19, Theorem 3.1 and Theorem 3.6] that the following class of singularities has finite Frobenius test exponent.
In this article we characterize generalized weakly F -nilpotent rings as local rings which are weakly F -nilpotent on the punctured spectrum in Proposition 4.6.
Relative Frobenius actions.
Let I ⊆ R be an ideal of a local ring (R, m, k) of prime characteristic p > 0. Then for each e ∈ N the Frobenius map F e : R/I → R/I can be factored through a Frobenius linear map relative to R:
The first map is given by F e R (a + I) = a p e + I [p e ] and the second map is the natural projection. Note that we are suppressing the reference to the ideal I in this notation. Relative Frobenius maps induce Frobenius linear maps of local cohomology modules:
the Frobenius closure of 0 relative to R, if γ is in the kernel of the following maps for all e ≫ 0:
The third named author and Pham Hung Quy utilized relative Frobenius actions and filter regular sequences to provide the following characterizations of weakly F -nilpotent and F -nilpotent rings:
Theorem 2.4 ([PQ19]). Let (R, m, k) be an excellent equidimensional local ring of prime characteristic p > 0 and dimension d. Let x 1 , . . . , x i be a filter regular sequence of length i.
Dualizing complexes and Frobenius actions
Suppose (R, m, k) is a complete local ring of prime characteristic p > 0. Frobenius actions on the local cohomology modules of R can be understood through Cartier linear maps of Ext-modules induced by Matlis duality (see for example [BB11, Section 5] and [KMVZ17, Section 2]). Any (not necessarily local) F -finite ring R is the homomorphic image of a regular ring [Gab04] , hence R admits a dualizing complex 1 ω • R . Iterates of the Frobenius endomorphism induce Cartier linear maps on ω • R and such maps can be localized to understand the behavior of Frobenius actions on local cohomology modules. We denote by
Cartier linear map obtained by evaluating at 1. As our notation is suggestively indicating, in a local ring the Matlis dual of (F e ) ∨ will be the Frobenius action on local cohomology.
If R is not assumed to be local, but is assumed to be locally equidimensional of Krull dimension d, then we say a
induces the eth Frobenius action on the local cohomology module (2) The Hartshorne-Speiser-Lyubeznik of R is defined as Proof. Suppose first that R is F -finite. Let ω • R be a normalized dualizing complex of R. By [BB11, Proposition 2.14] there exists an integer e 0 so that the image of (F e ) ∨ :
agrees with the image of (F e 0 ) ∨ in degrees −d ≤ i ≤ 0 for all e ≥ e 0 . By Proposition 3.1 measuring the HSL numbers of R p is equivalent to understanding when the cokernel of (F e ) ∨ stabilizes, from which the corollary is easily derived. Suppose R is essentially of finite type over an excellent local ring A. The HSL-numbers of a local ring are easily seen to be preserved under faithfully flat local ring maps with 0dimensional fiber, see [KZ19, Discussion following Remark 2.1]. We may base change by the completion of A without affecting the hypotheses and assume R is essentially of finite type over a complete local ring. We can then utilize a Γ-construction to find a faithfully flat and
Definition 3.4. Let I ⊆ R be an ideal and c ∈ R • . We say that e 0 is test exponent for tight closure with respect to c for
Sharp proved in [Sha06] that test exponents of parameters ideals in a local ring with respect to a test element depend on the HSL-numbers of that ring. Sharp's result and Corollary 3.3 provide a uniform test exponent for tight closure of parameter ideals among all localizations of an F -finite ring R.
Corollary 3.5. Let R be an F -finite locally equidimensional ring and suppose that R has a completely stable test element c (e.g., if R is reduced). There exists an e 0 ∈ N with the following properties:
(1) If p ∈ Spec(R) and q = (x 1 , . . . , x ht(p) )R p is a parameter ideal of R p then e 0 is a test exponent for tight closure with respect to c for q * ; (2) If p ∈ Spec(R) then e 0 + 1 is a test exponent for tight closure with respect to c for 0 * . Let x 1 , · · · , x d be a system of parameters, q = (x 1 , · · · , x d ), and
Thus, by the colon-capturing property of tight closure,
Thus by the proof of [Sha06, Corollary 2.4(ii)], z ∈ (x n 1 , · · · , x n d ) * , and so [z + (x n 1 , · · · , x n d )] ∈ 0 *
Similar to the notion of test exponents for tight closure, there is a notion of a test exponent for Frobenius closure. Let I be an ideal in a Noetherian ring R of prime characteristic p > 0. Recall that the Frobenius closure of I is the ideal I F = {r ∈ R | r p e ∈ I [p e ] for some e ∈ N}. It is not difficult to see that there exists an e 0 , depending on I, so that
Definition 3.6. Let I ⊆ R be an ideal. The minimal e 0 ∈ N so that I [p e 0 ] = (I F ) [p e 0 ] is called the Frobenius test exponent of I and is denoted Fte(I). If R is local then we say that e 0 ∈ N is a Frobenius test exponent of R if e 0 bounds the Frobenius test exponent of every ideal of R generated by a full system of parameters.
It has been shown that the classes of Cohen-Macaulay, generalized Cohen-Macaulay, weakly F -nilpotent, and generalized weakly F -nilpotent rings all have finite Frobenius test exponent (see [KS06] , [HKSY06] , [Quy19] , and [Mad19] respectively 3 ). In [Quy19] , Pham Hung Quy obtains bounds for the Frobenius test exponent of a local weakly F -nilpotent ring in terms of its HSL-numbers. Therefore we are able to uniformly bound the Frobenius test exponents of a ring R at its localizations at prime ideals defining weakly F -nilpotent local rings.
Corollary 3.7. Let R be a Noetherian ring of prime characteristic p > 0 which is either F -finite or essentially of finite type over an excellent local ring. Then the set
Proof. Let p ∈ Spec R and suppose that R p is weakly F -nilpotent. By the proof of [Quy19, Main Theorem], one obtains
Every F -finite ring has finite Krull dimension by [Kun76, Proposition 1.1]. Therefore the right hand side of 3.1 is bounded above by a constant independent of p by Corollary 3.3 (and the fact that for any p there are at most dim(R) + 1 terms appearing in the sum), hence so is Fte(R p ).
Pham Hung Quy has alerted us that Corollary 3.7 may also be recovered from the literature for a local weakly F -nilpotent ring. See [Quy19, Main Theorem] and [HQ19, Proposition 3.5].
Permanence properties
Theorem B is a consequence of the material in this section. We begin with a lemma. 
. , T ℓ a regular sequence of elements of S which is also a regular sequence of S/mS. Moreover, for any such sequence of elements
(1) R → S/(T 1 , . . . , T ℓ ) is faithfully flat with 0-dimensional closed fiber, 3 One cannot expect a uniform Frobenius test exponent for the class of all ideals of R, see [Bre06] .
(2) and if x 1 , . . . , x i is a parameter sequence of R then (x 1 , . . . ,
Proof. Because R → S is faithfully flat we find that depth(S) = depth(R) + depth(S/mS) = depth(R) + ℓ by [Mat86, Theorem 23.3]. By prime avoidance we may choose T 1 , . . . , T ℓ in S to be a regular sequence of S and S/mS. Consider the short exact sequence
We are assuming R → S is flat. Equivalently, Tor R 1 (R/m, S) = 0 and therefore there's an exact sequence
But we have chosen T 1 to be S/mS-regular and therefore Tor R 1 (R/m, S/(T 1 )) = 0, i.e. R → S/(T 1 ) is faithfully flat. By induction on the dimension of the closed fiber we find that R → S/(T 1 , . . . , T ℓ ) is faithfully flat with 0-dimensional closed fiber.
Let x 1 , . . . , x i be a parameter sequence of R. Then modulo (x 1 , . . . , x i ) the intersection ideal (x 1 , . . . , x i , T 1 , . . . , T ℓ )S ∩ R is realized as the kernel of the faithfully flat map R/(x 1 , . . . , x i ) → S/(x 1 , . . . , x i , T 1 , . . . , T ℓ )S. Faithfully flat maps are injective and therefore (x 1 , . . . , (
Proof. Suppose S/mS is an ℓ-dimensional Cohen-Macaulay local ring and T 1 , . . . , T ℓ are elements of S which are regular on both S and S/mS (see Lemma 4.1). Suppose further that S is weakly F -nilpotent. Let 0 ≤ i < d and x 1 , . . . , x i a filter regular sequence of length i of R and let x = x 1 · · · x i . By Theorem 2.1
.
Suppose that η + (x 1 , x 2 , . . . , x i ) represents an element of H i m (R) in the above direct limit system. In particular, there exists an N ∈ N so that m N η ⊆ (x 1 , . . . , x i ). By Lemma 4.1 the map R → S/(T ) is faithfully flat with 0-dimensional closed fiber and therefore x 1 , . . . , x i is a filter regular sequence of length i in S/(T ). Invoking Theorem 2.1 again we find that
Because R → S/(T N ) has 0-dimensional fiber we see that by increasing N as necessary, n N η ⊆ (x 1 , . . . , x i , T N )S and therefore η+(x 1 , . . . , x i , T )S represents an element of H i n (S/(T )) in the above direct limit system. We are assuming S is weakly F -nilpotent. Thus S/(T ) is weakly F -nilpotent relative to S by Theorem 2.4. Therefore for all e ≫ 0 there exists a t ∈ N such that x tp e η ∈ (x We now assume further that S is F -nilpotent. To verify R is F -nilpotent we may pass to the completion of R and S and assume R is reduced, see [PQ19, Proposition 2.8]. We aim to show that 0 
Then there exists a c ∈ R • with the property that for all e ∈ N there exists t ∈ N so that cη p e x tp e ∈ (x Since S is F -nilpotent we have that for all e ≫ 0 there exists a t ∈ N so that η p e x tp e ∈ (x (t+1)p e 1 , . . . , x (t+1)p e d , T p e )S. By Lemma 4.1 we find that for all e ≫ 0 there exists t ∈ N so that η p e x tp e ∈ (x (1) If R is weakly F -nilpotent then S is weakly F -nilpotent.
Proof. Let x 1 , . . . , x d be a filter regular sequence of R of length d = dim(R). Suppose S/mS is an ℓ-dimensional regular local ring and let T 1 , . . . , T ℓ ∈ S generate the maximal ideal of S/mS. By prime avoidance we may assume T 1 , . . . , T ℓ form a filter regular sequence of S. For each integer N ≥ 1 there is a relative Frobenius linear map 
) then there exists e ≫ 0 so that F e R (γ) = 0 as an element of H i m (R/(T N p e η (n 1 ,...,n ℓ ) ∈ 0 * map being finite for each 0 ≤ i < d:
. Therefore R is generalized weakly F -nilpotent if and only if for all 0 ≤ i < d and e ≫ 0 the image of (F e ) ∨ (−i) is finite, i.e. (F e ) ∨ (−i) is the 0-map on the punctured spectrum, i.e. R is weakly F -nilpotent on the punctured spectrum. Now suppose R is an excellent local ring. Then R → R has geometrically regular fibers. By Theorem 4.4 we may assume R is complete. In which case, there exists a faithfully flat and purely inseparable map R → R Γ to some F -finite local domain R Γ (see [HH94, Section 6] ). The proposition now follows by Theorem 4.5 and the previous paragraph. (1) If S is generalized weakly F -nilpotent then R is generalized weakly F -nilpotent.
(2) If R is generalized weakly F -nilpotent then S is generalized weakly F -nilpotent provided one of the following conditions is satisfied:
Proof. Without loss of generality we may assume R and S are complete. The theorem readily follows by Proposition 4.6, Theorem 4.3, Theorem 4.4, and Theorem 4.5.
Recall that generalized weakly F -nilpotent rings were introduced by Maddox in [Mad19] for the purpose of finding a new class of local rings which have finite Frobenius test exponent. Prior to [Mad19] , the following classes of rings were shown to have finite Frobenius test exponents:
(1) Cohen-Macaulay rings, [KS06] ;
(2) generalized Cohen-Macaulay rings, [HKSY06] ;
(3) weakly F -nilpotent rings, [Quy19] . We provide an example of a generalized weakly F -nilpotent ring which is neither generalized Cohen-Macaulay nor weakly F -nilpotent. Therefore the main results of [Mad19] were not already covered by the results of [HKSY06, KS06, Quy19] . Proof of Example 4.8. Present A as A = (K[x 1 , · · · , x n ]/I) p for some p ∈ Spec(K[x 1 , · · · , x n ]), and it suffices to assume p = (x 1 , · · · , x n ) = (x), so m = (x).
The map A → B is faithfully flat with regular closed fiber. Therefore the ring (B, n) is weakly F -nilpotent of dimension 3 and depth 2 by Theorem 4.4. The ideal mB ′ n is prime (as B ′ /mB ′ ∼ = K[T ] is a domain) and (B ′ ) mB ′ is not Cohen-Macaulay as A is not Cohen-Macaulay, so B ′ is not generalized Cohen-Macaulay. Consequently, B is not generalized Cohen-Macaulay and so we must have H 2 n (B) is not of finite length. We let
Consider the conductor ideal c = Ann R ′ (B ′ /R ′ ), an ideal common to both R ′ and B ′ . One observes that cB ′ = (x, T (T − 1)) ⊂ n and c ∈ max(R ′ ). Set (R, c) = (R ′ c , c) so that there are local inclusions (A, m) ⊂ (R, c) ⊂ (B, n).
There is a short exact sequence of R-modules:
and therefore there is a long exact sequence
The Frobenius action on B/R is given by
is nilpotent but is not finite length.
Open loci results
Theorem A is a result likely already understood by experts in the F -finite scenario, see [ST17, Lemma 2.3]. Nevertheless, we present a complete proof of Theorem A in the F -finite case for sake of completeness, as well as the essentially of finite type over an excellent local ring scenario. We begin with a consequence of Proposition 3.1. is realized as the kernel of the following composition of maps:
pRp (R p ). By Proposition 3.1 the kernel of the above composition of maps is the R p -Matlis dual of the localization at p of the cokernel of the composition
The above lemmas and the results of Section 4 provide us with a proof of Theorem A. (1) One should not expect the conclusions of Theorem 5.3 to hold under more general hypotheses than those stated. Indeed, [Hoc73, Proposition 2] and faithfully flat descent for F -nilpotence (resp. weak F -nilpotence) guarantees the existence of a locally excellent local Noetherian ring whose F -nilpotent (resp. weakly F -nilpotent) locus is not open. See [DM19, Example 5.10] for more details.
(2) In light of Proposition 4.6 and Example 4.8, one should not expect the generalized weakly F -nilpotent locus of a local ring of prime characteristic to be open in general.
We conclude this paper by showing that (weak) F -nilpotence descends under arbitrary faithfully flat maps, thus concluding the proof of Theorem B.
Theorem 5.5. Let (R, m) → (S, n) be a faithfully flat map of local rings of prime characteristic p > 0.
(1) If S is weakly F -nilpotent then so is R.
(2) If S is excellent and F -nilpotent then R is F -nilpotent.
Proof. Weak F -nilpotence can be checked after completion. Therefore in statement (1) of the theorem we may assume S is an excellent local ring. Let p ∈ Spec(S) be a prime ideal minimal over mS. If S is either weakly F -nilpotent or F -nilpotent then so is S p respectively by Theorem 5.3 with the stated assumptions on S (cf [PQ19, Corollary 5.17]). Replacing S by S p we may assume R → S is faithfully flat with 0-dimensional closed fiber. The result now follows by Theorem 4.3.
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